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Abstract
In this note we obtain a ring shaped region containing all the zeros of a polynomial
involving binomial coefficients and Fibonacci’s numbers.
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1. Introduction
In the present paper, our interest will be centered upon the study of bounds
for the zeros of polynomials as functions of all their coefficients. Among the first
contributors to this problem were Gauss and Cauchy. Since then a lot of papers
devoted to give new bounds for the zeros has been written contributing to the
further growth of the subject [1,2]. However, Fibonacci’s numbers (i.e., F0 = 0,
F1 = 1 and, for k  2,Fk = Fk−1 + Fk−2) seldom have appeared as part of close
expressions of bounds [5]. In this paper we determine in the complex plane an
annulus containing all the zeros of a polynomial involving binomial coefficients
and Fibonacci’s numbers.
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2. The main result
In what follows a numerical identity is considered, and one theorem on location
of the zeros is proved. It can be stated as
Theorem 2.1. Let A(z) =∑nk=0 akzk (ak = 0) be a nonconstant complex poly-
nomial. Then all its zeros lie in the annulus C = {z ∈C: r1  |z| r2}, where
r1 = 32 min1kn
{
2nFkC(n, k)
F4n
∣∣∣∣a0ak
∣∣∣∣
}1/k
(1)
and
r2 = 23 max1kn
{
F4n
2nFkC(n, k)
∣∣∣∣an−kan
∣∣∣∣
}1/k
. (2)
Proof. In order to prove the preceding statement we consider the following
identity involving binomial coefficients and Fibonacci’s numbers:
n∑
k=1
2n−k3kFkC(n, k)= F4n. (3)
From (1), we get
rk1 
2n−k3kFkC(n, k)
F4n
∣∣∣∣a0ak
∣∣∣∣, k = 1,2, . . . , n. (4)
Now we assume |z|< r1 and we have
∣∣A(z)∣∣=
∣∣∣∣∣
n∑
k=0
akz
k
∣∣∣∣∣ |a0| −
n∑
k=1
|ak||z|k > |a0| −
n∑
k=1
|ak|rk1
= |a0|
(
1−
n∑
k=1
∣∣∣∣aka0
∣∣∣∣rk1
)
. (5)
From (4), we get∣∣∣∣aka0
∣∣∣∣rk1  2n−k3kFkC(n, k)F4n , k = 1,2, . . . , n. (6)
Substituting (6) into (5), we have
∣∣A(z)∣∣> |a0|
(
1−
n∑
k=1
∣∣∣∣aka0
∣∣∣∣rk1
)
 |a0|
(
1−
n∑
k=1
2n−k3kFkC(n, k)
F4n
)
= 0,
and, consequently, A(z) does not have zeros in {z ∈ C: |z|< r1}.
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It is known [1,3] that all the zeros of A(z) have modulus less or equal than the
unique positive root of the equation
G(z)= |an|zn − |an−1|zn−1 − · · · − |a1|z− |a0| = 0.
Hence, the second part of our statement will be proved if we show that G(r2) 0.
From (2), we get∣∣∣∣an−kan
∣∣∣∣ 2n−k3kFkC(n, k)F4n rk2 , k = 1,2, . . . , n.
Then
G(r2)= |an|
[
rn2 −
n∑
k=1
∣∣∣∣an−kan
∣∣∣∣rn−k2
]
 |an|
[
rn2 −
n∑
k=1
(
2n−k3kFkC(n, k)
F4n
rk2
)
rn−k2
]
= |an|rn2
(
1−
n∑
k=1
2n−k3kFkC(n, k)
F4n
)
= 0,
and we are done.
To complete the proof of the theorem we have to prove (3). From the Binet
form for Fibonacci numbers [4], i.e.,
Fn = a
(
1+√5
2
)n
+ b
(
1−√5
2
)n
= aαn + bβn,
where a = 1/√5, b =−1/√5, α = (1+√5)/2 and β = (1−√5)/2, and some
straightforward algebra, we shall obtain identity (3). In fact,
n∑
k=1
(
n
k
)
2n−k3kFk =
n∑
k=1
(
n
k
)
(1− αβ)n−k(1− 2αβ)kFk
=
n∑
k=1
(
n
k
)
(α2 + αβ + β2)n−k(α3 + α2β + αβ2 + β3)kFk
=
n∑
k=0
(−1)n−k
(
n
k
)
(αβ)n−k
( 2∑
=0
βα2−
)n−k
×
( 3∑
=0
βα3−
)k
(aαk + bβk)
= aαn
{
n∑
k=0
(−1)n−k
(
n
k
)
βn−k
( 2∑
=0
βα2−
)n−k( 3∑
=0
βα3−
)k}
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+ bβn
{
n∑
k=0
(−1)n−k
(
n
k
)
αn−k
( 2∑
=0
βα2−
)n−k( 3∑
=0
βα3−
)k}
= aαn
{
n∑
k=0
(−1)n−k
(
n
k
)( 3∑
=0
βα3−
)k( 2∑
=0
β+1α2−
)n−k}
+ bβn
{
n∑
k=0
(−1)n−k
(
n
k
)( 3∑
=0
βα3−
)k( 2∑
=0
βα3−
)n−k}
= aαn
{ 3∑
=0
βα3− −
2∑
=0
β+1α2−
}n
+ bβn
{ 3∑
=0
βα3− −
2∑
=0
βα3−
}n
= aαn(α3)n + bβn(β3)n = aα4n + bβ4n = F4n.
This completes the proof of Theorem 2.1. ✷
For example, if we consider the polynomial A(z)= z3 + 0.1z2 + 0.3z+ 0.7,
it has all its zeros in the annulus C = {z ∈ C: r1  |z|  r2}, where r1  0.58
and r2  1.23. In both cases, these bounds are sharper than the explicit bounds of
Cauchy 0.41 |z|< 1.7.
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